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COVERING CLASSES AND 1-TILTING COTORSION
PAIRS OVER COMMUTATIVE RINGS
SILVANA BAZZONI AND GIOVANNA LE GROS
Abstract. We are interested in characterising the commutative rings
for which a 1-tilting cotorsion pair (A, T ) provides for covers, that is
when the class A is a covering class. We use Hrbek’s bijective correspon-
dence between the 1-tilting cotorsion pairs over a commutative ring R
and the faithful finitely generated Gabriel topologies on R. Moreover, we
use results of Bazzoni-Positselski, in particular a generalisation of Matlis
equivalence and their characterisation of covering classes for 1-tilting co-
torsion pairs arising from flat injective ring epimorphisms. Explicitly,
if G is the Gabriel topology associated to the 1-tilting cotorsion pair
(A, T ), and RG is the ring of quotients with respect to G, we show that
if A is covering then G is a perfect localisation (in Stenstro¨m’s sense
[Ste75]) and the localisation RG has projective dimension at most one.
Moreover, we show that A is covering if and only if both the localisation
RG and the quotient rings R/J are perfect rings for every J ∈ G. Rings
satisfying the latter two conditions are called G-almost perfect.
1. Introduction
The study of the existence of approximations for a certain class C is a
method for studying the category of all modules. An objective is to charac-
terise the rings over which every module has a cover (right minimal approx-
imation) provided by C and furthermore to characterise the class C itself.
In this paper we study when for a 1-tilting cotorsion pair (A,T ) over a
commutative ring R the class A provides for covers.
One of the first examples of the power of studying the module category
using the existence of minimal approximations was done for the class of
projective modules by Bass [Bas60]. Bass introduced and characterised the
class of perfect rings which are exactly the rings over which every module
has a projective cover. Moreover, he showed that this is equivalent to the
class of projective modules being closed under direct limits. It is interesting
to study this closure property for the general case of covering classes.
In fact, a famous theorem of Enochs says that if a class C in Mod-R
is closed under direct limits, then any module that has a C-precover has
a C-cover [Eno81]. The converse problem, that is if a covering class C is
necessarily closed under direct limits, is still an open problem which is known
as Enochs Conjecture.
2010 Mathematics Subject Classification. 13B30, 13C60, 13D07, 18E40.
Key words and phrases. Covers, projective dimension one, 1-tilting.
Research supported by grants from Ministero dell’Istruzione, dell’Universita` e della
Ricerca (PRIN: “Categories, Algebras: Ring-Theoretical and Homological Approaches
(CARTHA)”) and Dipartimento di Matematica “Tullio Levi-Civita” of the Universita` di
Padova (Research program DOR1828909 “Anelli e categorie di moduli”).
1
2 S. BAZZONI AND G. LE GROS
Some significant advancements have been made towards Enochs Conjec-
ture in recent years. In 2017, Angeleri Hu¨gel-Sˇaroch-Trlifaj in [AHSˇT18]
proved that Enochs Conjecture holds for a large class of cotorsion pairs.
Explicity, they proved that for a cotorsion pair (A,B) such that B is closed
under direct limits, A is covering if and only if it is closed under direct limits.
In particular, this holds for all tilting cotorsion pairs. The result of Angeleri
Hu¨gel-Sˇaroch-Trlifaj is based on methods developed in Sˇaroch’s paper [Sˇ18],
which uses sophisticated set-theoretical methods in homological algebra.
Moreover, in a very recent paper by Bazzoni-Positselski-Sˇt’ov´ıcˇek in 2020
[BPSˇ20], it is proved using an algebraic approach that for a cotorsion pair
(A,B) such that B is closed under direct limits and a module M ∈ A∩B, if
Add(M) is covering then Add(M) is closed under direct limits. In particular,
it follows that Enochs Conjecture holds for tilting cotorsion pairs.
We are interested in giving ring theoretic characterisations of the com-
mutative rings for which the class A of a 1-tilting cotorsion pair provides
for covers, by purely algebraic methods. As mentioned in the previous para-
graphs, Enochs conjecture is known to hold for these cotorsion pairs, al-
though via our characterisation of such rings we find yet another proof of
Enochs Conjecture.
In our study we use extensively the bijective correspondence between 1-
tilting cotorsion pairs over commutative rings and faithful finitely generated
Gabriel topologies as demonstrated by Hrbek in [Hrb16]. More precisely,
Hrbek associates to a 1-tilting class T the collection of ideals J ≤ R which
“divide” T , that is {J | JT = T,∀T ∈ T }, and in the converse direction
he associates to a faithful finitely generated Gabriel topology G the 1-tilting
class, denoted DG , of the G-divisible modules, that is the modules M such
that JM =M for every J ∈ G.
We are interested in a particular type of Gabriel topology. The ring of quo-
tients of R with respect to G, denoted RG , is G-divisible if and only if G arises
from a perfect localisation, that is ψR : R → RG is a flat ring epimorphism
and G = {J ≤ R | ψR(J)RG = RG}. Following Stenstro¨m’s terminology
[Ste75], these Gabriel topologies are called perfect Gabriel topologies.
In Section 4 we first prove that if the class A in a 1-tilting cotorsion pair
(A,DG) over a commutative ring is covering, then G arises from a perfect
localisation and that the projective dimension of RG is at most one (see
Lemma 4.3 and Proposition 4.4) Then, by work of Angeleri Hu¨gel-Sa´nchez
in [AHS11], RG ⊕RG/R is a 1-tilting module with associated cotorsion pair
(A,DG).
In this situation, we have a much larger range of theories to use, in par-
ticular the works of Bazzoni-Positselski and Positselski.
Indeed, in [BP19a], using the theory of contramodules and the tilting-
cotilting correspondence from [PSˇ19b], Bazzoni-Positselski give classification
results for some 1-tilting cotorsion pairs satisfying Enochs Conjecture—those
which arise from an injective homological ring epimorphism u : R → U in
the sense of [AHS11].
In [BLG19], we prove that if a 1-tilting class over a commutative ring R is
enveloping, then the tilting module arises from an injective flat epimorphism
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and gave a ring theoretic characterisation of the ring in terms of perfectness
of the quotient ringsR/J for every ideal J in the associated Gabriel topology.
This paper concerns the covering side.
We briefly summarise the results of this paper as well as some implica-
tions. Consider a 1-tilting cotorsion pair (A,T ) over a commutative ring
and the associated Gabriel topology G. After proving that if A is covering
then G is a perfect Gabriel topology and the projective dimension of RG is
at most one, we show the following characterisation (Theorem 8.19):
A is covering⇔
{
RG is a perfect ring
R/J is a perfect ring for each J ∈ G
It is interesting to note that if RG is a perfect ring, then it follows that G is
a perfect Gabriel topology (see Lemma 8.1).
The above characterisations use [BP20, Theorem 1.2], where Bazzoni
and Positselski state that for a (not necessarily injective) ring epimorphism
u : R → U such that TorR1 (U,U) = 0 and K := U/u(R), there is a Matlis
equivalence between the full subcategory of u-divisible u-comodules and the
full subcategory of u-torsion-free u-contramodules via the adjunction pair(
(− ⊗R K),HomR(K,−)
)
. When u : R → U is a flat injective ring epi-
morphism of commutative rings as in our case, this becomes an equiva-
lence between the G-divisible G-torsion modules and the G-torsion-free u-
contramodules.
This paper is structured as follows. We begin with some general prelim-
inaries where we introduce minimal approximations and 1-tilting classes in
Section 2.
Section 3 makes up the background to our main results. We introduce
Gabriel topologies as well as some more recent advancements and some of
our own results.
Next in Section 4, we have an initial main result for a 1-tilting cotorsion
pair (A,DG) over a commutative ring R such that A is covering. We show
that G is a perfect localisation and that RG⊕RG/R is a 1-tilting module for
the 1-tilting cotorsion pair (A,DG).
Next we introduce topological rings and u-contramodules for a ring epi-
morphism u in Section 5, which will be used for our main results. These re-
sults are collected from various papers of Positselski and Bazzoni-Positselski.
In Section 6 we again consider a 1-tilting cotorsion pair (A,DG) over a
commutative ring R such that A is covering and show that R is G-almost
perfect.
In Section 7 we introduceH-h-local rings with respect to a linear topology
H over a commutative ring, as a generalisation of results in [BP19b]. In
Section 8 we show the converse of the combination of Section 4 and 6.
That is, if (A,DG) is a 1-tilting cotorsion pair over a commutative ring R
and R is G-almost perfect, we show that A is covering.
Acknowledgement. The authors are grateful to Leonid Positselski for
reading and providing helpful comments to an earlier version of this preprint.
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2. Preliminaries
In this section we will recall some definitions and some notation.
All rings will be associative with a unit, Mod-R (R-Mod) the category
of right (left) R-modules over the ring R, and mod-R the full subcategory
of Mod-R which is composed of all the modules which have a projective
resolution consisting of only finitely generated projective modules.
For a right R-module M and a right ideal I of R, we let M [I] denote the
submodule of M of elements which are annihilated by the ideal I. That is,
M [I] := {x ∈M | xI = 0}.
Let C be a class of right R-modules. The right Ext1R-orthogonal and right
Ext∞R -orthogonal classes of C are defined as follows.
C⊥1 = {M ∈ Mod-R | Ext1R(C,M) = 0 for all C ∈ C}
C⊥ = {M ∈ Mod-R | ExtiR(C,M) = 0 for all C ∈ C, for all i ≥ 1}
The left Ext-orthogonal classes ⊥1C and ⊥C are defined symmetrically.
If the class C has only one element, say C = {X}, we write X⊥1 instead
of {X}⊥1 , and similarly for the other Ext-orthogonal classes.
We denote by Pn(R) (Fn(R), In(R)) the class of right R-modules of pro-
jective (flat, injective) dimension at most n, or simply Pn (Fn, In) when the
ring is clear from the context. We let Pn(mod-R) denote the intersection of
mod-R and Pn(R). The projective dimension (weak or flat dimension, injec-
tive dimension) of a right R-module M is denoted p.dimMR (w.dimMR,
inj.dimMR).
Given a ring R, the right big finitistic dimension, F.dimR, is the supre-
mum of the projective dimension of right R-modules with finite projective
dimension. The right little finitistic dimension, f.dim R, is the supremum of
the projective dimension of right R-modules in mod-R with finite projective
dimension.
For an R-module C, we let Add(C) denote the class of R-modules which
are direct summands of direct sums of copies of C, and Gen(C) the class of
R-modules which are homomorphic images of direct sums of copies of C.
Recall that A is a pure submodule of a right R-module B, or A ⊆∗ B, if
for each finitely presented right module F , the functor HomR(F,−) is exact
when applied to the short exact sequence (1) 0 → A → B → B/A → 0
or equivalently, when for every left R-module M the functor (− ⊗R M) is
exact when applied to the sequence (1). The embedding A →֒ B is called
a pure embedding, the epimorphism B ։ B/A a pure epimorphism and the
short exact sequence (1) a pure exact sequence.
Short exact sequences arising from the canonical presentation of a direct
limit form an important class of examples of pure exact sequences.
Example 2.1. Let (Mi, fji | i, j ∈ I) be a direct system of modules and
consider the direct limit lim
−→I
Mi. The canonical presentation
0→ Kerπ →
⊕
i∈I
Mi
pi
→ lim
−→
I
Mi → 0
of lim
−→I
Mi is an example of a pure exact sequence (see e.g. [GT12, Corollary
2.9]).
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A module X is called Σ-pure-split if every pure embedding A ⊆∗ B with
B ∈ Add(X) splits.
2.1. Homological formulae. The following facts will be useful. Let FR
be a right R-module RGS be an R-S-bimodule such that Tor
R
1 (F,G) = 0.
Then, for every right S-module MS there is the following injective map of
abelian groups.
Ext1R(F,HomS(G,M)) →֒ Ext
1
S(F ⊗R G,M)) (1)
Let f : R → S be a ring homomorphism. Suppose TorRi (M,S) = 0 for
M ∈ Mod-R for all 1 ≤ i ≤ n and NS is a right S-module (and also a right
R-module via the restriction of scalars functor). Then the following holds
for all i such that 1 ≤ i ≤ n (see for example [PS19a, Lemma 4.2].
ExtiR(MR, NR)
∼= ExtiS(MR ⊗R S,NS) (2)
Moreover, if M is as above and N is a left S-module, then the following
holds.
TorRi (MR,RN)
∼= TorSi (MR ⊗R S,S N) (3)
2.2. Covers, precovers and cotorsion pairs. For this section, C will be
a class of right R-modules closed under isomorphisms and direct summands.
We recall the definitions of precovers and covers as well as some properties
of covers and covering classes.
Many of the results in this section are taken from Xu’s book [Xu96], which
generalises work based on Enochs paper [Eno81] where he works mainly in
the setting where C is the class of injective modules or flat modules. For this
reason, many results are attributed to Enochs-Xu rather than just Enochs.
Definition 2.2. A C-precover of M is a homomorphism φ : C → M where
C ∈ C with the property that for every homomorphism f : C ′ → M where
C ′ ∈ C, there exists f ′ : C ′ → C such that φf ′ = f .
C ′
∃f ′

f
  ❇
❇❇
❇❇
❇❇
❇
C
φ
// M
A C-cover ofM is a C-precover with the additional property that for every
homomorphism f : C → C such that φf = φ, f is an isomorphism.
C
f ∼=

φ
  ❆
❆❆
❆❆
❆❆
❆
C
φ
// M
A C-precover φ : C → M of M is called a special C-precover if φ is an
epimorphism and Kerφ ∈ C⊥.
If every R-module has a C-cover (C-precover, special C-precover), the class
C is called covering (respectively, precovering, special precovering). If a cover
does exist for a module M , we can describe the relationship between a C-
cover and a C-precover of M .
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Theorem 2.3. [Xu96, Theorem 1.2.7] Suppose C is a class of modules and
M admits a C-cover and φ : C →M is a C-precover. Then C = C ′ ⊕K for
submodules C ′,K of C such that the restriction φ↾C′ gives rise to a C-cover
of M and K ⊆ Kerφ.
Corollary 2.4. [Xu96, Corollary 1.2.8] Suppose M admits a C-cover. Then
a C-precover φ : C → M is a C-cover if and only if there is no non-zero
direct summand K of C contained in Kerφ.
The following two theorems will be useful when working with covers.
Theorem 2.5. [Xu96, Theorem 1.4.7, Theorem 1.4.1]
(i) Suppose for each integer n ≥ 1, φn : Cn →Mn is a C-cover. Then if⊕
n φn :
⊕
nCn →
⊕
nMn is a C-precover, then it is also a C-cover.
(ii) Assume that
⊕
µn :
⊕
nCn →
⊕
nMn is a C-cover of
⊕
nMn and
let fn : Cn → Cn+1 be a family of homomorphisms such that Im fn ⊆
Kerφn+1. Then, for each x ∈ C1 there is an integer m such that
fmfm−1 . . . f1(x) = 0.
A pair of classes of modules (A,B) is a cotorsion pair provided that
A = ⊥1B and B = A⊥1 . A cotorsion pair is called complete if B is special
preenveloping or equivalently A is special precovering. A famous result due
to Eklof-Trlifaj states that if S is a set, the cotorsion pair (⊥1(S⊥1),S⊥1)
generated by S is complete (see [GT12, Theorem 6.11]).
A cotorsion pair (A,B) is called hereditary if ExtiR(A,B) = 0 for every
A ∈ A, B ∈ B and i > 0 (see [GT12, Lemma 5.24]). Thus if a cotorsion
pair (A,B) is hereditary, then A = ⊥B and B = A⊥, thus there is no need
to differentiate between ⊥1 and ⊥.
A cotorsion pair (A,B) is of finite type if there is a set S of modules
in mod-R such that S⊥ = B (recall mod-R denotes the class of modules
admitting a projective resolution consisting of finitely generated projective
modules). In other words, (A,B) is of finite type if and only if B = (A ∩
mod-R)⊥.
2.3. Perfect rings and projective covers. Before giving a characterisa-
tion of perfect commutative rings, we must recall some definitions.
One can generalise the notion of a nilpotent ideal to a T -nilpotent ideal
where the T stands for “transfinite.” An ideal I of R is said to be right T -
nilpotent if for every sequence of elements a1, a2, ..., ai, ... in I, there exists
an n > 0 such that anan−1 · · · a1 = 0. For left T -nilpotence, one must have
a1a2 · · · an = 0.
The property of T -nilpotence of an ideal has interesting consequences. In
particular, an ideal I is right T-nilpotent if and only if for every non-zero
right R-module M , MI is superfluous in M , MI ≪M (see [AF74, Lemma
28.3]).
Let J(R) denote the Jacobson radical of R. First recall that a ring R is
semilocal if R/J(R) is semisimple. IfR is commutative, thenR is semilocal if
and only if it has only finitely many maximal ideals. A ring R is semiartinian
if every non-zero factor of R contains a simple R-submodule.
The following proposition is a composite of well-known characterisations
of commutative perfect rings (see for example [Bas60], [Lam01]).
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Proposition 2.6. Suppose R is a commutative ring. The following state-
ments are equivalent for R.
(i) R is perfect (that is, every R-module has a projective cover).
(ii) F.dimR = 0.
(iii) R is a finite product of local rings, each one with a T -nilpotent max-
imal ideal.
(iv) R is semilocal and semiartinian, i.e., R has only finitely many max-
imal ideals and every non-zero factor of R contains a simple R-
module.
Additionally, if R is perfect then every element of R is either a unit or a
zero-divisor.
It was noticed by Bass in [Bas60] that it is sufficient to look at the fol-
lowing nice class of modules to decide if the ring is perfect.
If R is a ring and {a1, a2, . . . , an, . . . } is a sequence of elements of R, a
Bass right R-module is a flat module of the following form.
F = lim
−→
(R
a1→ R
a2→ R
a3→ · · · ).
That is, F is the direct limit of the direct system obtained by considering
the left multiplications by the elements ai on R. A direct limit presentation
of F is given by the following short exact sequence.
0→
⊕
n∈N
R
σ
→
⊕
n∈N
R→ F → 0
By the above projective presentation, it is clear that all Bass R-modules
have projective dimension at most one. Thus the class of Bass R-modules
is contained in F0(R) ∩ P1(R). The following result is well known and it is
implicitly proved in Bass’ paper [Bas60].
Lemma 2.7. Let R be a ring.
(i) If all flat right R-modules have projective covers, then all the flat
right R-modules are projective, so the ring is right perfect.
(ii) If all Bass right R-modules have projective covers then the ring R is
right perfect.
Recall that the socle of a module M , denoted soc(M), is the sum of its
simple submodules. A module M is semiartinian if every non zero quotient
of M has a non zero socle. Semiartinian modules are also called Loewy
modules since they admit a Loewy series, that is a continuous filtration by
semisimple (or even simple) modules constructed by transfinite induction.
Thus if R is a perfect commutative ring, then every module is a Loewy
module by Proposition 2.6 (iv).
It will be useful to observe that the notion of superfluous subobject and
of projective covers can be generalised from the category of R-modules to
an arbitrary abelian category, as pointed out in Section 3 of [Pos19].
Let A be an abelian category with enough projective objects. A subobject
B of an object A in A is called superfluous if for every subobject H of A
such that B + H = A one has H = A. Then, an epimorphism h : P → C
with P a projective object in A is a projective cover of the object C if Kerh
is superfluous in P .
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2.4. 1-tilting cotorsion pairs. We now introduce 1-tilting classes and
modules, as well as some properties that we will use.
A right R-module T is 1-tilting if the following conditions hold (as defined
in [CT95]).
(T1) p.dimR T ≤ 1.
(T2) ExtiR(T, T
(κ)) = 0 for every cardinal κ and every i > 0.
(T3) There exists an exact sequence of the following form where T0, T1
are modules in Add(T ).
0→ R→ T0 → T1 → 0
Equivalently, a module T is 1-tilting if and only if T⊥1 = Gen(T ) ([CT95,
Proposition 1.3]). The cotorsion pair generated by T , (⊥(T⊥), T⊥), is called
a 1-tilting cotorsion pair and the torsion class T⊥ is called the 1-tilting class.
Two 1-tilting modules T and T ′ are equivalent if they define the same 1-
tilting class, that is T⊥ = T ′⊥ (equivalently, if Add(T ) = Add(T ′)). If T is
a 1-tilting module which generates a 1-tilting class T , then we say that T is
a 1-tilting module associated to T .
The class T ∩⊥T coincides with Add(T ) (see [GT12, Lemma 13.10]). As
the 1-tilting cotorsion pair is generated by a set the tilting cotorsion pair is
complete by [GT12, Theorem 6.11]. Also, it is hereditary as the right-hand
class T = Gen(T ) = T⊥ is clearly closed under epimorphic images, so is a
coresolving class. Moreover, by [BH08], the 1-tilting cotorsion pair (⊥T ,T )
is of finite type.
The following proposition gives a necessary and sufficient condition for the
left-hand side of a 1-tilting cotorsion pair to be closed under direct limits.
Proposition 2.8. [GT12, Proposition 13.55] Let T be a tilting module with
(A,T ) the associated tilting cotorsion pair. Then A is closed under direct
limits if and only if T is Σ-pure-split.
3. Gabriel topologies
In this section we recall the notions of torsion pairs and Gabriel topologies
as well as proving some results that will be useful to us later on. We will
conclude by discussing some advancements that relate Gabriel topologies
to 1-tilting classes over commutative rings. The reference for this section,
in particular for torsion pairs and Gabriel topologies, is Stenstro¨m’s book
[Ste75, Chapters VI and IX].
We will start by giving definitions in the case of a general ring with unit
(not necessarily commutative). Everything will be done with reference to
right R-modules (and right Gabriel topologies), but everything can be done
analogously for left R-modules.
A torsion pair (E ,F) in Mod-R is a pair of classes of modules in Mod-R
which are mutually orthogonal with respect to the Hom-functor and max-
imal with respect to this property. That is, E = {M | HomR(M,F ) =
0 for every F ∈ F} and F = {M | HomR(X,M) = 0 for every X ∈ E}.
The class E is called a torsion class and F a torsion-free class.
Torsion and torsion-free classes are characterised by closure properties: A
class C of modules is a torsion class if and only if it is closed under extensions,
direct sums, and epimorphic images, and C is a torsion-free class if and
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only if it is closed under extensions, direct products and submodules [Ste75,
Propositions VI.2.1 and VI.2.2]. A torsion pair (E ,F) is called hereditary if
the torsion class E is also closed under submodules, which is equivalent to
F being closed under injective envelopes.
A ring R is a topological ring if it has a topology such that the ring
operations are continuous. A topological ring R is right linearly topological
if it has a topology with a basis of neighbourhoods of zero consisting of right
ideals of R. A ring R with a right Gabriel topology is an example of a right
linearly topological ring (see [Ste75, Section VI.4]).
A right Gabriel topology G on a ring R is a filter of open right ideals in
a right linear topology on R satisfying an extra condition. This condition
is such to guarantee that there is a bijective correspondence between right
Gabriel topologies G on R and hereditary torsion classes in Mod-R (see
[Ste75, Theorem VI.5.1]).
The bijection is given by the following assignments.{
right Gabriel topologies
on R
}
Φ //
{
hereditary torsion
classes in Mod-R
}
Ψ
oo
Φ: G ✤ // EG = {M | Annx ∈ G,∀x ∈M}
{J ≤ R | R/J ∈ E} E : Ψ✤oo
The torsion pair corresponding to a Gabriel topology G will be denoted by
(EG ,FG). It is generated by the cyclic modules R/J where J ∈ G, so FG
consists of the modules N such that HomR(R/J,N) = 0 for every J ∈ G.
The classes EG and FG are referred to as the G-torsion and G-torsion-free
classes, respectively.
For a right R-module M let tG denote the associated (left exact) radical,
thus tG(M) is the maximal G-torsion submodule of M , or sometimes t(M)
when the Gabriel topology is clear from context.
3.1. Modules of quotients. A right Gabriel topology allows us to gen-
eralise localisations of commutative rings with respect to a multiplicative
subset to the non-commutative setting.
The module of quotients of the Gabriel topology G of a right R-module
M is the module MG defined as follows.
MG := lim−→
J∈G
HomR(J,M/tG(M))
Furthermore, there is the following canonical homomorphism.
ψM : M ∼= HomR(R,M)→MG
For each R-moduleM , the homomorphism ψM is part of the following exact
sequence, where both the kernel and cokernel of the map ψM are G-torsion
R-modules.
0→ tG(M)→M
ψM
→ MG →MG/ψM (M)→ 0 (4)
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By substitutingM = R, the assignment gives a ring homomorphism ψR : R→
RG and furthermore, for each R-module M the module MG is both an R-
module and an RG-module.
Let q : Mod-R → Mod-RG denote the functor that maps each M to its
module of quotients MG . Then the ψ can be considered a natural transfor-
mation of endofunctors of Mod-R, that is the following diagram commutes.
M
f
//
ψM

N
ψN

MG
fG // NG
(5)
A right R-module M is G-closed if the natural homomorphism
M ∼= HomR(R,M)→ HomR(J,M)
is an isomorphism for each J ∈ G. This amounts to saying that HomR(R/J,M) =
0 for every J ∈ G (i.e. M is G-torsion-free) and Ext1R(R/J,M) = 0 for every
J ∈ G (i.e. M is G-injective). Moreover, if M is G-closed then M is isomor-
phic to its module of quotients MG via ψM . Conversely, every R-module
of the form MG is G-closed. The G-closed modules form a full subcategory
of both Mod-R and Mod-RG . Additionally, every R-linear morphism of
G-closed modules is also RG-linear,
A left R-module N is called G-divisible if JN = N for every J ∈ G.
Equivalently, N is G-divisible if and only if R/J ⊗R N = 0 for each J ∈ G.
We denote the class of G-divisible modules by DG . It is straightforward to
see that DG is a torsion class in R-Mod.
A right Gabriel topology is faithful if HomR(R/J,R) = 0 for every J ∈ G,
or equivalently if R is G-torsion-free, that is the natural map ψR : R → RG
is injective.
A right Gabriel topology is finitely generated if it has a basis consisting of
finitely generated right ideals. Equivalently, G is finitely generated if the G-
torsion radical preserves direct limits (that is there is a natural isomorphism
tG(lim−→i
Mi) ∼= lim−→i
(tG(Mi))) if and only if the G-torsion-free modules are
closed under direct limits (that is, the associated torsion pair is of finite
type). The first of these two equivalences was shown in [Ste75, Proposition
XIII.1.2], while the second was noted by Hrbek in the discussion before
[Hrb16, Lemma 2.4].
3.2. Perfect localisations. There is a special class of right Gabriel topolo-
gies, called perfect right Gabriel topologies, which behave particularly well
and are related to ring epimorphisms. The standard examples of these
Gabriel topologies over R are localisations of R with respect to a multi-
plicative subset.
We note that the adjective “perfect” for a Gabriel topology can be slightly
confusing as it is not related in any way to perfect rings. However, we will
continue to use this nomenclature as it is already commonly used in the
literature.
We must begin with some definitions.
A ring epimorphism is a ring homomorphism R
u
→ U such that u is
an epimorphism in the category of unital rings. This is equivalent to the
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natural map U ⊗R U → U induced by the multiplication in U being an
isomorphism as R-R-bimodules (see [Ste75, Section XI.1]. We note that
if R is commutative and u : R → U a ring epimorphism, then also U is
commutative by [Sil67, Corollary 1.2].
Two ring epimorphisms R
u
→ U and R
u′
→ U ′ are equivalent if there is a
ring isomorphism σ : U → U ′ such that σu = u′.
A ring epimorphism is called (left) flat if u makes U into a flat left R-
module. We will denote the cokernel of u by K and sometimes by U/R or
U/u(R).
A left flat ring epimorphism R
u
→ U is called a perfect right localisation
of R. In this case, by [Ste75, Theorem XI.2.1] the family of right ideals
G = {J ≤ R | JU = U}
forms a right Gabriel topology. Moreover, there is a ring isomorphism σ :
U → RG such that σu : R→ RG is the canonical isomorphism ψR : R→ RG,
or, in other words, u and ψR are equivalent ring epimorphisms. Note also
that a right ideal J of R is in G if and only if R/J ⊗R U = 0.
We will make use of the characterisations of perfect right localisations
from Proposition XI.3.4 of Stenstro¨m’s book [Ste75].
3.3. Gabriel topologies and 1-tilting classes. As mentioned before, our
work relies on a characterisation of 1-tilting cotorsion pairs over commuta-
tive rings. Specifically, in [Hrb16], Hrbek showed that over commutative
rings the faithful finitely generated Gabriel topologies are in bijective corre-
spondence with 1-tilting classes, and that the latter are exactly the classes
of G-divisible modules of the associated faithful finitely generated Gabriel
topology G.
The following theorem is an indispensable starting point for this paper.
Theorem 3.1. [Hrb16, Theorem 3.16] Let R be a commutative ring. There
are bijections between the following collections.
(i) 1-tilting classes T in Mod-R.
(ii) Faithful finitely generated Gabriel topologies G on R.
(iii) Faithful hereditary torsion pairs (E ,F) of finite type in Mod-R.
Moreover, the tilting class T is the class of G-divisible modules with respect
to the associated Gabriel topology G of T .
When we refer to the Gabriel topology associated to a 1-tilting class T we
will always mean the Gabriel topology in the sense of the above theorem.
We will denote by DG the 1-tilting class associated to G and by A the left
Ext-orthogonal class to DG so (A,DG) will denote the 1-tilting cotorsion pair
associated to G.
Moreover, in the case of a Gabriel topology that arises from a perfect
localisation such that p.dimRG ≤ 1, it is possible to describe the 1-tilting
class more explicitly as seen in the following proposition. This observation
is crucial as the 1-tilting module RG ⊕ RG/R is much more convenient to
work with than the 1-tilting class DG .
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Proposition 3.2. [Hrb16, Proposition 5.4] Let R be a commutative ring, T
a 1-tilting module, and G the Gabriel topology associated to the 1-tilting class
DG = T
⊥ in the sense of Theorem 3.1. Then the following are equivalent.
(i) G is a perfect Gabriel topology and p.dimRG ≤ 1.
(ii) RG ⊕RG/R is a 1-tilting module for DG.
(iii) Gen(RG) = DG
If the above equivalent conditions hold, T or the 1-tilting class DG is said to
arise from a perfect localisation.
We note that there is yet more confusion with our terminology. That is
the 1-tilting class arises from a perfect localisation if and only if the Gabriel
topology arises from a perfect localisation and p.dimRG ≤ 1. Therefore we
often include the statement p.dimRG ≤ 1 for clarity.
3.4. More properties of Gabriel topologies. We refer to [BLG19] for
more properties of right Gabriel topologies. Many of them hold in the non-
commutative case. In particular we will use the following results.
Lemma 3.3. [BLG19, Lemma 4.1, Lemma 4.2] Suppose G is a right Gabriel
topology. Then the following statements hold.
(i) Suppose R is commutative. If an R-module D is both G-divisible and
G-torsion-free, then D is an RG-module and D ∼= D ⊗R RG via the
natural map idD⊗RψR : D ⊗R R→ D ⊗R RG.
(ii) If p.dimRM ≤ 1, then Tor
R
1 (M,RG) = 0.
We will often refer to the following exact sequence where ψR is the ring
of quotients homomorphism discussed in Subsection 3.1.
0→ tG(R)→ R
ψR→ RG → RG/ψR(R)→ 0 (6)
We will denote tG(M) simply by t(M) and when clear from the context, ψ
instead of ψR. We add the following result.
Lemma 3.4. Consider a right Gabriel topology G. Let M be a G-torsion
module and N a G-closed module in Mod-R. Then Ext1R(M,N) = 0.
Proof. Let G be a Gabriel topology of right ideals and E its associated hered-
itary torsion class in Mod-R which is generated by the cyclic modules R/J
where J ∈ G. Therefore, for M a G-torsion module, there exists a presenta-
tion of M as follows.
0→ H →
⊕
Jα∈G
R/Jα →M → 0 (7)
The module H is G-torsion since E is a hereditary torsion class. Take a
G-closed module N and apply the functor HomR(−, N) to (7).
0 = HomR(H,N)→ Ext
1
R(M,N)→ Ext
1
R(
⊕
R/Jα, N) = 0 (8)
The first abelian group of the sequence (8) vanishes since H is G-torsion and
the last abelian group vanishes since direct sums commute with ExtiR(−, N)
and Ext1R(R/Jα, N) = 0 for every Jα ∈ G. Therefore Ext
1
R(M,N) = 0 as
desired. 
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The following lemma is taken from [Ste75, Exercise IX.1.4], although we
state the result in a slightly more convenient way for us and include (iii) and
(iv). We let E(M) denote the injective envelope of M .
Lemma 3.5. Let G be a right Gabriel topology on R. Then the following
are equivalent.
(i) The functor q : Mod-R → Mod-RG which maps each module M to
the G-closed module MG is exact.
(ii) The module E(M)/M is G-closed for every G-closed module M .
(iii) For every G-closed module M and each J ∈ G, Ext2R(R/J,M) = 0.
(iv) For every G-closed moduleM and basis element J ∈ G, Ext2R(R/J,M) =
0.
Sketch of proof. We will prove (i)⇒(ii)⇔(iii)⇒(i) and (iii)⇔(iv). The equiv-
alence of (ii) and (iii) follows from the isomorphism Ext1R(R/J,E(M)/M)
∼=
Ext2R(R/J,M).
For the implication (i) ⇒ (ii), we begin by assuming that q is exact. Fix
a J ∈ G and take a G-closed R-module M . Then since M is essential in its
injective envelope E(M), E(M) must be G-torsion-free and thus is G-closed.
Thus we have the following commuting diagram, where the exactness of the
bottom row follows by our assumption that q is exact.
0 // M //
ψM∼=

E(M) //
ψE(M)∼=

E(M)/M //
ψE(M)/M

0
0 // MG // E(M)G // (E(M)/M)G // 0
It follows by the snake lemma that E(M)/M is isomorphic to its module of
quotients so is G-closed.
Now we show that (iii)⇒(i). Assume that for every G-closed module M
and every J ∈ G, Ext2R(R/J,M) = 0, therefore it follows that the G-closed
modules are closed under cokernels of monomorphisms. Now consider q
applied to the exact sequence 0 → L
f
→ M
g
→ N → 0. Recall that q is left
exact, so it remains only to show that the induced map gG is a surjection.
We have the following commuting diagram where the bottom row is also in
Mod-RG .
0 // L
f
//
ψL

M
g
//
ψM

N //
ψN

0
0 // LG
fG // MG
gG // NG
(9)
It is sufficient to show that gG is a surjection. By assumption Coker fG
is G-closed, and one uses this to show that NG and Coker fG coincide. One
uses [Ste75, Proposition IX.1.11], that is for any G-closed module X, there is
an isomorphism ψ∗N : HomR(NG ,X)
∼=
→ HomR(N,X), to show that ψN must
factor through the unique induced map h : N → Coker fG, and by another
application of the proposition the induced map k : Coker fG → NG is an
isomorphism.
That (iii)⇒(iv) is trivial. For the converse, for every ideal J ∈ G there
exists a basis element J0 ∈ G such that J0 ⊆ J . Thus for M G-closed,
14 S. BAZZONI AND G. LE GROS
one applies HomR(−,M) to 0 → J/J0 → R/J0 → R/J → 0. As J/J0 is
G-torsion, the conclusion follows by applying Lemma 3.4.

The following lemma will be useful when working with a faithful Gabriel
topology over a commutative ring that arises from a perfect localisation.
Lemma 3.6. [BLG19, Lemma 4.5] Let R be a commutative ring, u : R→ U
a flat injective ring epimorphism, and G the associated Gabriel topology.
Then the annihilators of the elements of U/R form a sub-basis for the
Gabriel topology G. That is, for every J ∈ G there exist z1, z2, . . . , zn ∈ U
such that ⋂
0≤i≤n
AnnR(zi +R) ⊆ J.
4. When A is covering G arises from a perfect localisation and
RG ⊕RG/R is 1-tilting
In this section we consider the following setting.
Setting 4.1. Let R be a commutative ring and let (A,DG) be a 1-tilting
cotorsion pair with associated Gabriel topology G such that A is a covering
class.
We show first that the Gabriel topology G arises from a perfect localisation
and that p.dimRG ≤ 1 so that DG = Gen(RG), in other words we show that
the equivalent conditions of Proposition 3.2 hold.
We begin by describing covers of modules annihilated by some J ∈ G.
Lemma 4.2. Suppose R is commutative and let (A,DG) be a 1-tilting co-
torsion pair with associated Gabriel topology G. Consider an R-module M
such that MJ = 0 for some finitely generated J ∈ G and let the following be
an A-cover of M .
0→ B → A
φ
−→M → 0
Then both A and B are G-torsion.
Proof. We will use the T-nilpotency of direct sums of covers as in Theo-
rem 2.5 (ii). Let J ∈ G be finitely generated with a generating set {x1, . . . , xt}
and suppose M has the property that MJ = 0, and let the sequence above
be an A-cover of M . For every n ∈ N, let Bn, An, Mn be isomorphic copies
of B, A, M , respectively, and φn the homomorphism φ : An → Mn. Con-
sider the following countable direct sum of covers of M which is a cover of⊕
nMn by Theorem 2.5 (i).
0→
⊕
n
Bn →
⊕
n
An
⊕
φn
−−−→
⊕
n
Mn → 0.
Choose an element x ∈ J and for each n set fn : An → An+1 to be the
multiplication by x.
Then clearly φ(fn(An)) = 0 for every n > 0, hence we can apply Theo-
rem 2.5 (ii). For every a ∈ A, there exists an m such that
fm ◦ · · · ◦ f2 ◦ f1(a) = 0 ∈ Am+1.
Hence for every a ∈ A there is an integer m for which xma = 0.
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Fix a ∈ A and letmi be the minimal natural number for which (xi)
mia = 0
and set m := sup{mi | 1 ≤ i ≤ t}. Then for a large enough integer k we have
that Jka = 0 (for example set k = tm), and Jk ∈ G. Thus every element of
A is annihilated by an ideal contained in G, therefore A is G-torsion. Since
the associated torsion pair of the Gabriel topology is hereditary, also B is
G-torsion. 
Next we show that G must arise from a perfect localisation using an
exercise from Stenstro¨m, Lemma 3.5.
Lemma 4.3. Suppose R is commutative and let (A,DG) be a 1-tilting cotor-
sion pair with associated Gabriel topology G. Suppose A is covering. Then
G is a perfect Gabriel topology.
Proof. By [Ste75, Proposition XI.3.4], RG arises from a perfect localisation if
and only if both the functor q is exact and G has a basis of finitely generated
ideals. The associated Gabriel topology, G of a 1-tilting class has a basis of
finitely generated ideals by Hrbek’s characterisation in Theorem 3.1, so it
remains only to show that q is exact.
We will show that Ext2R(R/J,M) = 0 for every G-closed R-module M
and every finitely generated J ∈ G, and then apply Lemma 3.5 to conclude
that q is exact.
Let M be any G-closed R-module and J ∈ G finitely generated, and
consider the following A-cover of R/J .
0→ BJ → AJ → R/J → 0
By Lemma 4.2, AJ andBJ are G-torsion. We apply the contravariant functor
HomR(−,M) to the above cover, and find the following exact sequence.
0 = Ext1R(BJ ,M)→ Ext
2
R(R/J,M)→ Ext
2
R(AJ ,M) = 0
The first module Ext1R(BJ ,M) vanishes by Lemma 3.4 since BJ is G-torsion
andM is G-closed. The last module Ext2R(AJ ,M) vanishes since p.dimAJ ≤
1. Therefore Ext2R(R/J,M) = 0 for every M G-closed and every finitely
generated J ∈ G, as required. 
The above lemma allows us to use the equivalent conditions of [Ste75,
Proposition XI.3.4]. In particular, we have that ψR : R→ RG is a flat injec-
tive ring epimorphism and that RG is G-divisible, so RG ∈ DG . It remains
to see that if A is covering in (A,DG) then RG ⊕ RG/R is the associated
1-tilting module, that is the equivalent conditions of Proposition 3.2. This
amounts to showing that p.dimRG ≤ 1.
Proposition 4.4. Suppose R is commutative and let (A,DG) be a 1-tilting
cotorsion pair with associated Gabriel topology G. Suppose A is covering,
then p.dimRG ≤ 1. In particular, the module RG ⊕ RG/R is a 1-tilting
module associated to the cotorsion pair (A,DG) and moreover Gen(RG) =
DG.
Proof. We know that G is perfect, so that RG is G-divisible by Lemma 4.3.We
prove that p.dimRG ≤ 1 by showing that RG ∈ A. Let the following be an
A-cover of RG .
0→ D → A
φ
−→ RG → 0 (10)
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Note that A is G-divisible since both RG and D are G-divisible. We will
first show that A must be G-torsion-free, and therefore an RG-module. Fix
a finitely generated J ∈ G with generators x1, . . . , xn. We will show that
A[J ] = 0, that is the only element of A annihilated by J is 0. Since RG is
divisible, one can write 1R = 1RG =
∑
xiηi for some xi ∈ J and ηi ∈ RG.
Let x, s and sA be the following homomorphisms.
x : RG //
⊕
1≤i≤nRG s :
⊕
1≤i≤nRG
// RG
1RG
✤ / (η1, ..., ηn) (ν1, ..., νn)
✤ /
∑
i xiνi
sA :
⊕
1≤i≤nA
// A
(a1, ..., an)
✤ /
∑
i xiai
By the definition of s and sA, the lower square of (11) commutes. Clearly φ
n
is a precover of RnG as D
n ∈ DG and A
n ∈ A (it is in fact a cover). Therefore,
there exists a map f such that the upper square of (11) commutes.
A
φ
//
f

RG //
x

0
An
⊕nφ //
sA

RG
n //
s

0
A
φ
// RG // 0
(11)
The map sx is the identity on RG , so we have that φsAf = φ and by
the A-cover property of φ, sAf is an automorphism of A. Consider an
element a ∈ A[J ] and let f(a) = (f1(a), . . . , fn(a)) ∈ A
n. Then sA(f(a)) =∑
xifi(a) =
∑
fi(xia) = 0 as xi ∈ J , and by the injectivity of sAf , a = 0.
We have shown that A,D are both G-torsion-free and G-divisible, so by
Lemma 3.3 (i) they are RG-modules. Then the sequence (10) is a sequence
in Mod-RG as R → RG is a ring epimorphism and Mod-RG → Mod-R is
fully faithful. Thus (10) splits so RG ∈ A and p.dimRG ≤ 1 as required.
The last statement then follows by Proposition 3.2. 
5. Topological rings and u-contramodules
The material covered in this section is a combination of ideas from [Pos18],
[BP20], and [BP19a], and covers mostly methods using contramodules and
topological rings.
An abelian group is a topological group if it has a topology such that the
group operations are continuous. A topological abelian group is said to be
linearly topological if there is a basis of neighbourhoods of zero consisting of
subgroups.
For a linearly topological abelian group A with basis B of subgroups of
A, there is the following canonical homomorphism of abelian groups.
λA : A→ lim←−
V ∈B
A/V
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When λA is a monomorphism, or equivalently when
⋂
V ∈B V = 0, A is said
to be separated. When λA is an epimorphism, A is said to be complete.
For a ring R and M,N ∈ Mod-R, the abelian group HomR(M,N) can
be considered a linearly topological abelian group as follows. Take a finitely
generated submodule F of M , and consider the subgroup formed by the
elements of HomR(M,N) which annihilate F . The subgroups of this form
form a base of neighbourhoods of zero in HomR(M,N). Note that this is the
same as considering HomR(M,N) with the subspace topology of the prod-
uct topology on NM , where the topology on N is the discrete topology. We
will consider HomR(M,N) endowed with this topology which we will call
the finite topology. The topological abelian group HomR(M,N) is separated
and complete with respect to this topology.
Recall from Section 3 that a topological ring R is right linearly topological
if it has a topology with a basis of neighbourhoods of zero consisting of right
ideals of R, and that a ring R with a right Gabriel topology is an example
of a right linearly topological ring.
Let H be a topology of a linearly topological commutative ring R with
basis B. The H-topology on an R-module M is the topology where the base
of neighbourhoods of 0 are the submodules MJ for J ∈ B. For every R-
module M , {M/MJ | J ∈ B} is an inverse system. The completion of M
with respect to the H-topology is the module
ΛB(M) := lim←−
J∈B
M/MJ.
There is a canonical map λM : M → ΛB(M) which sends the element x ∈M
to (x +MJ)J∈B. Each element in ΛB(M) is of the form (xJ +MJ)J∈B
with the relation that for J ⊆ J ′, xJ − xJ ′ ∈MJ
′. The module M is called
H-separated if the homomorphism λM is injective, which is equivalent to⋂
J∈BMJ = 0. The module M is called H-complete if the map λM is
surjective.
Let R be a linearly topological commutative ring with a linear topology
H. A R-module M is H-discrete if for every x ∈ M , the annihilator ideal
AnnR(x) = {r ∈ R | xr = 0} is open in the topology of R. In the case
that the topology H on R is a Gabriel topology G on R, then a module is
H-discrete if and only if it is G-torsion.
Therefore ψR : R → RG is a flat injective ring epimorphism of commu-
tative rings, which as usual we will denote by u : R → U . For every pair
of R-modules M and N , the R-modue HomR(M,N) can be endowed both
with the finite topology and the G-topology.
For K := U/R we first show that HomR(K,M) is Hausdorff in the G-
topology.
Lemma 5.1. Let R be a commutative ring and G a faithful perfect Gabriel
topology on R. Then every open basis element in the finite topology on
HomR(K,M) contains HomR(K,M)J for some J ∈ G. Hence HomR(K,M)
is G-separated for every R-module M .
Proof. Fix a finitely generated submodule X of K and let VX be the col-
lection of homomorphisms which annihilate X. Then as X is a finitely
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generated submodule and K is G-torsion, there exists a J ∈ G such that
XJ = 0. Thus HomR(K,M)J ⊆ VX , as required.
The last statement follows, since HomR(K,M) is always separated in the
finite topology, 
In particular, we will be interested in the linear topological ring R :=
EndR(K) with the finite topology. Later on in Proposition 5.11 we will
show that the G-topology and the finite topology on R coincide.
5.1. u-contramodules. We will begin by considering a general commu-
tative ring epimorphism u : R → U before moving onto flat injective ring
epimorphisms.
A module M is u-divisible if M is an epimorphic image of U (α) for some
cardinal α. An R-module M has a unique u-divisible submodule denoted
hu(M), which is the image of the map u
∗ : HomR(U,M)→ HomR(R,M) ∼=
M . In nice situations, that is when U is flat and G is the Gabriel topology
associated to u, the u-divisible modules are G-divisible. Later in this sec-
tion we will discuss when these classes of modules coincide. The following
definition is borrowed from [BP19a].
Definition 5.2. Let u : R → U be a ring epimorphism. A u-contramodule
is an R-module M such that the following holds.
HomR(U,M) = 0 = Ext
1
R(U,M)
We let u-contra denote the full subcategory of u-contramodules in Mod-R.
By [GL91, Proposition 1.1] the category of u-contramodules is closed under
kernels of morphisms, extensions, infinite products and projective limits in
Mod-R .
The following lemma is proved in [Pos18] for the case of the localisation
RS of R at a multiplicative subset S. The proof can be extended easily to
the case of a ring epimorphism of commutative rings and will be very useful
in the sequel.
Lemma 5.3. [Pos18, Lemma 1.10] Let b : A → B and c : A → C be two
R-module homomorphisms such that C is a u-contramodule and Ker(b) is
a u-divisible R-module and Coker(b) is a U -module. Then there exists a
unique homomorphism f : B → C such that c = fb.
Let now 0→ R
u
→ U be a flat injective ring epimorphism of commutative
rings where U = RG , K = RG/R and G is the associated Gabriel topology
{J ≤ R | JU = U}. We will often refer to the short exact sequence
0→ R
u
→ U
w
→ K → 0 (12)
In general we will use N to denote a G-torsion-free module R-module,
while M will denote an arbitrary R-module.
For an R-moduleM , by applying the contravariant functor HomR(−,M)
to the short exact sequence (12) we have the following short exact sequences.
0→ HomR(K,M)→ HomR(U,M)→ hu(M)→ 0 (13)
0→ hu(M)→M →M/hu(M)→ 0 (14)
0→M/hu(M)→ Ext
1
R(K,M)→ Ext
1
R(U,M)→ 0 (15)
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For an R-module M , we let ∆u(M) denote the module Ext
1
R(K,M) and
δM : M → ∆u(M) the natural connecting map from the exact sequences
(14) and (15).
For each R-module M , let νM be the unit of the adjunction
(
(− ⊗R
K),HomR(K,−)
)
evaluated at M .
νM : M // HomR(K,M ⊗R K)
m ✤ // [m∗ : z +R→ m⊗R (z +R)] z ∈ U
For every G-torsion-free R-module N we have the exact sequence
0→ N → N ⊗R U → N ⊗R K → 0 (16)
and applying the covariant functor HomR(K,−) to (16) we obtain the long
exact sequence
HomR(K,N⊗RU)→ HomR(K,N⊗RK)
µN→ Ext1R(K,N)→ Ext
1
R(K,N⊗RU)
(17)
where µN is the connecting homomorphism. In the next lemmas we show
that for a G-torsion-free module N , the modules HomR(K,N ⊗R K) and
∆u(N) are isomorphic via the natural connecting homomorphism µN , and
moreover δN = µNνN .
Lemma 5.4. Let u : R→ U be a flat injective ring epimorphism of commu-
tative rings and let K := U/R. If N is a G-torsion-free R-module, then, us-
ing the above notation, the connecting morphism µN : HomR(K,N⊗RK)→
∆u(N) is an isomorphism.
Proof. The first term in equation (17) vanishes as K is G-torsion and N⊗RU
is G-torsion-free. The last term in equation (17) vanishes since by the flatness
of the ring U , there is an isomorphism
Ext1R(K,N ⊗R U)
∼= Ext1U (K ⊗R U,N ⊗R U) = 0.
Thus HomR(K,N ⊗R K) is isomorphic to Ext
1
R(K,N) = ∆u(N) via µN .
Alternatively, one can use Lemma 3.4 as K is G-torsion and N ⊗R U is
G-closed. 
Before continuing with the goal of proving that δN = µNνN , we state a
consequence of the Lemma 5.4. We note that in the reference provided, the
statement is more general thus requires a more sophisticated proof, whereas
here we choose to provide a simpler proof.
Lemma 5.5. [BP20, Lemma 2.5(a),(b)] Let u : R → U be a flat injective
ring epimorphism and let K := U/R. Then the following hold.
(i) HomR(K,M) is a u-contramodule for every R-module M .
(ii) ∆u(N) is a u-contramodule for every G-torsion-free R-module N .
Proof. (i) By the tensor-Hom adjunction, we have theisomorphism.
HomR(U,HomR(K,M)) ∼= HomR(U ⊗R K,M) = 0
To see that Ext1R(U,HomR(K,M)) = 0, we use the flatness of U . Using
TorR1 (U,K) = 0 there is an inclusion (see the homological formulas in Sec-
tion 2).
Ext1R(U,HomR(K,M)) →֒ Ext
1
R(U ⊗R K,M) = 0
20 S. BAZZONI AND G. LE GROS
(ii) This follows by Lemma 5.4 and (i) of this lemma. 
Lemma 5.6. Let u : R→ U be a flat injective ring epimorphism of commu-
tative rings and let K := U/R. For N a G-torsion-free module, the following
diagram commutes.
N
δN //
νN

Ext1R(K,N)
HomR(K,N ⊗R K)
∼=
µN
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧
Proof. The morphism νN is the unit of the adjunction
(
(−⊗RK),HomR(K,−)
)
evaluated at N . Let Φ be the adjunction isomorphism
Φ: HomR(N,HomR(K,N ⊗R K))→ HomR(N ⊗R K,N ⊗R K))
As Φ(νN ) = idN⊗RK , it is enough to show that Φ(µ
−1
N δN ) = idN⊗RK ,
that is that (µ−1N δN )(x)(k) = x⊗R k for every x ∈ N and k ∈ K.
Fix x ∈ N and k ∈ K. Consider the map fx : R → N, 1R 7→ x. Then
δN (fx) is the map associated to the pushout of N
fx
← R
u
→ U which is shown
in the top two rows of short exact sequences of Diagram 18. As µN is an
isomorphism, for each extension ζx of K by N , one can associate a map
µ−1N (ζx) = gx : K → N ⊗R K such that the bottom two rows of short exact
sequences in (18) commute and form part of a pullback diagram.
0 // R //
fx

U //

K // 0
ζx : 0 // N // Zx //

K //
gx

0
0 // N // N ⊗R U // N ⊗R K // 0
(18)
As N ⊗R U is G-torsion-free and N ⊗R K is G-torsion the commutativity
of the larger square implies that the map U → Zx → N ⊗R U is exactly
the map z 7→ x ⊗R z for z ∈ U , as this map makes the larger left square
commute. Thus gx : z +R 7→ x⊗R (z +R). It is now straightforward to see
that (µ−1N δN )(x)(k) = (µ
−1
N )(ζx)(k) = gx(k) = x⊗R k. 
Corollary 5.7. Let u : R→ U be a flat injective ring epimorphism of com-
mutative rings, K := U/R and let Nbe a G-torsion-free module. Then the
kernel of νN : N → HomR(K,N ⊗R K) is u-divisible and the cokernel is a
U -module.
Proof. This follows from Lemma 5.6 as µNνN = δN and µN is an iso-
morphism. So Ker νN ∼= Ker δN = hu(N) is a u-divisible module and
Coker νN = Coker δN = Ext
1
R(U,N) is a U -module as required. 
The following lemma will be useful in Section 8. It is taken from [Pos18]
where it is proved for the case of a localisation of a ring at a multiplicative
subset. We show how to adapt the proof to our situation.
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Lemma 5.8. [Pos18, Lemma 1.11] Let u : R → U be a flat injective ring
epimorphism with associated Gabriel topology G, and letM be any R-module.
Then M/JM ∼= R/J ⊗R ∆u(M) is an isomorphism for every J ∈ G.
Proof. Consider the equations.
0→ hu(M)→M →M/hu(M)→ 0 (14)
0→M/hu(M)→ Ext
1
R(K,M)→ Ext
1
R(U,M)→ 0 (15)
Applying (R/J ⊗R−) to (14) we have that M/JM ∼= R/J ⊗RM/hu(M) as
hu(M) is G-divisible. Applying (R/J ⊗R −) to (15) we find
R/J ⊗R M/hu(M) ∼= R/J ⊗R Ext
1
R(K,M)
as Ext1R(U,M) is a U -module and Tor
R
1 (R/J,Ext
1
R(U,M))
∼= TorU1 (R/J ⊗R
U,Ext1R(U,M)), since U is flat. 
The following lemma will also be useful in Section 8.
Lemma 5.9. Let u : R → U be a flat injective ring epimorphism with as-
sociated Gabriel topology G and let N be a G-torsion-free R-module. Then
TorR1 (R/J,N)
∼= TorR1 (R/J,∆u(N)) is an isomorphism for every J ∈ G.
Proof. Note first that TorRi (R/J,Z) = 0 = R/J ⊗R Z for any U -module Z
and i > 0 since U is flat and so TorRi (R/J,Z)
∼= TorUi (R/J ⊗R U,Z) = 0.
Consider the combination of the equations
0→ hu(N)→ N → N/hu(N)→ 0 (14)
0→ N/hu(N)→ Ext
1
R(K,N) = ∆u(N)→ Ext
1
R(U,N)→ 0 (15)
As N is G-torsion-free, also hu(N) is G-torsion-free and G-divisible, so is
a U -module, by Lemma 3.3 (i). Thus applying (R/J ⊗R −) to the above
sequences, we use the observation in the first lines of this proof, and find
the following isomorphisms.
TorR1 (R/J,N)
∼= TorR1 (R/J,N/hu(N))
∼= TorR1 (R/J,∆u(N))

We summarize in the following corollary the results obtained by Lem-
mas 5.4, 5.8 and 5.9.
Corollary 5.10. Let u : R → U be a flat injective ring epimorphism with
associated Gabriel topology G. Let N be a G-torsion-free R-module and J ∈
G. Then the following hold.
(i) HomR(K,N ⊗R K) ∼= ∆u(N).
(ii) R/J ⊗R ∆u(N) ∼= N/JN .
(iii) TorR1 (R/J,N)
∼= TorR1 (R/J,∆u(N)).
As an application we consider the endomorphism ring R of K. Recall
that by [BP20, Lemma 4.1], R is a commutative ring.
Proposition 5.11. Let u : R→ U be a flat injective ring epimorphism with
associated Gabriel topology G and let K := U/R. Then the finite topology
and the G-topology on R = HomR(K,K) coincide.
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Proof. Let X be a finite subset of K and let VX be the annihilator of X in
R, a basis element of the finite topology on R. By Lemma 5.1 there is a
J ∈ G such that RJ ⊆ VX , so the G-topology is a finer topology than the
finite topology on R. Thus it remains to show that for every J ∈ G, RJ
contains VX for some finite subset X of K.
Consider the canonical morphism νR : R → R sending an element r ∈ R
to the multiplication by r on K. Then, I = ν−1R (VX) is the annihilator of X
in R. We have that I ∈ G, since K is G-torsion. Clearly, RI ⊆ VX .
Now it is straightforward to see that the following diagram commutes as
the vertical and horizontal arrows are induced by νR and π is the natural
quotient map.
R/I
ν⊗RR/I //
γ

R/RI
pi
vv♠♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
R/VX
By (i) and (ii) of Corollary 5.10,R ∼= ∆u(R) and ν⊗RR/I is an isomorphism.
Since γ is a monomorphism we conclude that π is a monomorphism, and so
VX = RI.
Fix a J ∈ G. By Lemma 3.6 there exists a finitely generated X ⊆ K such
that the annihilator ideal of X in R, is contained in J . So VX ⊆ RJ . 
If the flat injective ring epimorphism u : R→ U is such that p.dimU ≤ 1,
then the category u-contra is also closed under cokernels and so is an abelian
category. Moreover, if G is the associated Gabriel topology, then p.dimU ≤
1 if and only if the u-divisible modules and the G-divisible modules coincide
by Proposition 3.2.
Proposition 5.12. Let u : R→ U be a flat injective ring epimorphism such
that p.dimU ≤ 1.
(i) ι : u-contra →֒ Mod-R is an exact embedding and the functor ∆u =
Ext1R(K,−) defines a left adjoint to this embedding.
(ii) ∆u(R) is a projective generator of u-contra. The coproduct of X
copies of ∆u(R) in u-contra is ∆u(R
(X)) and the projective objects
in u-contra are direct summands of the objects of the form ∆(R(X))
for some set X.
Proof. (i) is [BP20, Proposition 3.2(b)].
(ii) follows by the properties of a left adjoint to an exact functor. 
5.2. The equivalence of categories. In [BP20] it is considered the case
of a (not necessarily injective nor flat nor commutative) ring epimorphism
u : R → U such that TorR1 (U,U) = 0. In [BP20, Theorem 1.2] it is shown
that the adjunction
(
(−⊗RK),HomR(K,−)
)
(where K = U/u(R)) defines
an equivalence between the class of u-divisible right u-comodules and the
class of u-torsion-free left u-contramodules.
In our situation, that is when u is a flat injective epimorphism with asso-
ciated Gabriel topology G, the class of u-comodules coincides with the class
of G-torsion modules and the class of u-torsion-free modules coincides with
COVERING CLASSES AND 1-TILTING COTORSION PAIRS 23
the class of G-torsion-free modules. Thus, in our setting, Theorem 1.2 in
[BP20] becomes:
Theorem 5.13. [BP20, Theorem 1.2] Let u : R→ U be a flat injective ring
epimorphism of commutative rings. Then the restrictions of the adjoint
functors (− ⊗R K) and HomR(K,−) are mutually inverse equivalences be-
tween the additive categories of u-divisible G-torsion modules and G-torsion-
free u-contramodules.
{
G-torsion-free
u-contramodules
}
(−⊗RK)
%%{
u-divisible and
G-torsion modules
}
HomR(K,−)
ee
6. When A is covering, R is G-almost perfect
In this section we continue with the situation of Setting 4.1.
By Proposition 4.4 if (A,DG) is a 1-tilting pair such thatA is covering then
the associated tilting module arises from a flat injective ring epimorphism
u : R→ U and U ⊕K is a 1-tilting module for (A,DG), thus DG = Gen(U).
In Proposition 6.2 we prove that RG is a perfect ring and in Proposition 6.4
that the rings R/J are perfect for every J ∈ G. The main result of this
section is Theorem 6.5.
We begin by introducing the following definition.
Definition 6.1. Let R be a ring with a right Gabriel topology G. Then R
is G-almost perfect if RG is a perfect ring and the quotient rings R/J are
perfect for each J ∈ G.
Proposition 6.2. Suppose R is commutative and let (A,DG) be a 1-tilting
cotorsion pair with associated Gabriel topology G. Suppose A is covering.
Then RG is a perfect ring.
Proof. We will show that every RG-module has a projective cover in Mod-RG.
Consider M ∈Mod-RG with the following short exact sequence in Mod-RG.
0→ L→ R
(α)
G
φ
→M → 0 (19)
Then this sequence is also a short exact sequence of R-modules with R
(α)
G ∈
A by Proposition 4.4 and L ∈ DG thus it is an A-precover of M (as an
R-module). By the assumption that A is covering, one can extract from the
exact sequence (19) an A-cover of M of the form
0→ L′ → P
φ′
→M → 0 (20)
where L′ and P are direct summands of L and R
(α)
G respectively as R-
modules. An R-module direct summand of an RG-module is a G-torsion-free
G-divisible module, hence it is an RG-module by Lemma 3.3(i). Moreover,
by Lemma 4.3, ψR : R→ RG is a ring epimorphism (even flat) so L
′ and P
are direct summands as RG-modules and (20) is in Mod-RG .
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So we have shown that (20) is a P0(RG)-precover of M in Mod-RG , which
is also an A-cover when considered in Mod-R. It remains to see that it is a
P0(RG)-cover. Note that every RG-homomorphism f such that φ
′f = φ′ is
also an R-homomorphism, and therefore φ′ is an automorphism as it is an
A-cover. 
We will now show that R/J is perfect for each J ∈ G by showing that
every Bass R/J-module has a P0(R/J)-cover, that is using Lemma 2.7.
Take a1, a2, . . . , ai, . . . a sequence of elements of R and let N be the Bass
R/J-module with presentation as in the sequence (21), where (ei)i∈N and
(fi)i∈N are bases of the domain and codomain of φ respectively.
0 //
⊕
NR/J
σ˜ //
⊕
NR/J
// N // 0
ei
✤ // fi − aifi+1
(21)
As the elements a1, a2, . . . , ai, . . . are in R, we can also define a Bass R-
module, which is a lift of N . That is, we consider the following Bass R-
module.
0 //
⊕
NR
σ //
⊕
NR
// F // 0 (22)
It is clear that applying (R/J⊗R−) to (22) will give us (21), thus R/J⊗R
F = N , where F is flat.
We will make use of results in Subsection 5.1 and the category equivalence
in Theorem 5.13.
Lemma 6.3. Suppose A is covering and F is a Bass R-module. Then the
u-contramodule HomR(K,F ⊗RK) has a projective cover in the category of
u-contramodules.
Proof. HomR(K,F ⊗RK) is a u-contramodule by Lemma 5.5 (i). Apply the
functor (−⊗R K) to (22) to get the exact sequence:
0 //
⊕
NK
σ⊗RK //
⊕
NK
// F ⊗R K // 0
The above is an A-precover of F⊗RK by Proposition 4.4. As by assumption
A is covering, one can extract an A-cover of F⊗RK from the above sequence
in the form
0 // D1
(σ⊗RK)↾D1// D0
pi // F ⊗R K // 0
whereD0 andD1 are direct summands of
⊕
NK. Now we apply HomR(K,−)
to the above sequence, and we claim that it is a projective cover in the cat-
egory of u-contramodules.
0→ HomR(K,D1)→ HomR(K,D0)
ρ
→ HomR(K,F ⊗R K)→ 0 (23)
Firstly, HomR(K,D1) and HomR(K,D0) are direct summands of modules of
the form HomR(K,K
(α)) ∼= ∆u(R
(α)) by Lemma 5.4, thus they are projec-
tive objects in the category u-contra. We will show that ρ := HomR(K,π)
is a projective cover in u-contra. Take f : HomR(K,D0) → HomR(K,D0)
such that ρf = ρ. By Theorem 5.13, the adjoint functors
(
(−⊗RK),HomR(K,−)
)
form equivalences between the subcategories of G-torsion G-divisible modules
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EG∩DG and G-torsion-free u-contramodules FG∩u-contra. Thus in particu-
lar the functor HomR(K,−) restricted to the subcategories EG ∩DG → FG ∩
u-contra is full so there exists a g : D0 → D0 such that HomR(K, g) = f .
Thus as πg = π implies that g is an automorphism, we conclude that also f
is an automorphism, as required. 
Proposition 6.4. Suppose (A,DG) is a 1-tilting cotorsion pair over a com-
mutative ring where A is covering. If F is a Bass R-module, then R/J⊗RF
has a P0(R/J)-cover, for every J ∈ G.
Proof. By the proof of Lemma 6.3,
0→ HomR(K,D1)→ HomR(K,D0)
ρ
→ HomR(K,F ⊗R K)→ 0 (24)
is a projective cover of HomR(K,F⊗RK) in the category of u-contramodules.
Note that a flat R-module is G-torsion-free since G is faithful and the G-
torsion-free class is closed under direct limits.
By Lemma 5.4 HomR(K,F ⊗RK) ∼= ∆u(F ) and by Lemma 5.8 F/JF ∼=
R/J ⊗R ∆u(F ). Invoking Lemma 5.9 we also get that Tor
R
1 (R/J, F )
∼=
TorR1 (R/J,∆u(F )), for every J ∈ G.
Thus applying the functor (R/J ⊗R −) to the sequence (24) and using
Corollary 5.10 we obtain the exact sequence
0→ R/J ⊗R HomR(K,D1)→ R/J ⊗R HomR(K,D0)
idR/J ⊗Rρ
→ F/JF → 0
(25)
We show that (25) is a projective cover of F/JF in Mod-R/J .
Applying Lemma 5.4 to a free module R(α) we get HomR(K,K
(α)) ∼=
∆u(R
(α)) and by Lemma 5.8, R/J ⊗R HomR(K,K
(α)) ∼= (R/J)(α).
Additionally, since the modules D0,D1 are summands of a direct sum of
copies of K, Corollary 5.10 implies that R/J ⊗R HomR(K,Di) is an R/J-
projective module for i = 0, 1.
Furthermore, from the projective cover 24, we know that HomR(K,D1)
is a superfluous subobject of HomR(K,D0) in u-contra.
We note that R/J ⊗R HomR(K,D1) is a superfluous R/J-submodule of
R/J⊗RHomR(K,D0). In fact, R/J is a u-contramodule, for any J ∈ G and
the image of a superfluous subobject under any morphism in the category
is a superfluous subobject. Thus, R/J ⊗R HomR(K,D1) is a superfluous
subobject of R/J ⊗RHomR(K,D0) in u-contra. Finally, any submodule of
an R/J-module is also a u-contramodule, hence R/J ⊗R HomR(K,D1) is
superfluous in R/J ⊗R HomR(K,D0) as an R/J-submodule.
Thus we conclude that (25) is a P0(R/J)-cover of F/JF . 
Theorem 6.5. Suppose R is a commutative ring and (A,DG) a 1-tilting
cotorsion pair. If A is covering, then ψR : R→ RG is a perfect localisation,
p.dimRG ≤ 1, and R is G-almost perfect.
Proof. That ψR : R→ RG is a perfect localisation and p.dimRG ≤ 1 are by
Lemma 4.3 and Proposition 4.4. That R is G-almost perfect is by Proposi-
tion 6.2 and Proposition 6.4. 
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7. H-h-local rings
This section concerns a class of rings which includes the commutative
local rings and the h-local rings. We will be looking at H-h-local rings with
respect to a linear topology H on a commutative ring R. The main result of
this section is that the H-h-local rings can be characterised by the properties
of the H-discrete modules, as will be shown in Proposition 7.4.
For a commutative ring R, we let MaxR denote the set of all the maximal
ideals of R.
We will formulate in our setting the results from [BP19b, Section 4], which
were proved in the case of a localisation of a ring at a multiplicative subset.
All the proofs can be extended easily to the case of a linear topology H on
a commutative ring R.
Definition 7.1. A commutative ring R is H-h-local if for every open ideal
J ∈ H, J is contained only in finitely many maximal ideals of R and every
open prime ideal in H is contained in only one maximal ideal.
A ring commutative R is H-h-nil if every element J ∈ H is contained
only in finitely many maximal ideals of R and every prime ideal of R in H
is maximal.
It is clear that every H-h-nil ring is H-h-local. We first give a sufficient
condition for a ring to be H-h-nil.
Lemma 7.2. Let H be a linear topology on a commutative R. If R/J is
perfect for every J ∈ H, then R is H-h-nil.
Proof. By Proposition 2.6, R/J has only finitely many maximal ideals.
Take a prime p ∈ H. Then R/p is a perfect domain, so is a field (by the
final statement of Proposition 2.6), so it follows that p must be maximal. 
Recall that for every right linear topology H on a ring R the class of
H-discrete modules consist of {M | Annx ∈ H for all x ∈M}.
The following holds for any linear topology on a commutative ring, and
is our generalisation of [BP19b, Lemma 4.2].
Lemma 7.3. Let H be a linear topology on a commutative ring R such that
every prime in H is contained in only one maximal ideal. Then for maximal
ideals m 6= n of R, and for each H-discrete module M , M ⊗RRm⊗RRn = 0.
Proof. Let φ : R → Rm ⊗R Rn denote the localisation map. We will first
show that the statement holds for R/J for a fixed J ∈ H. Take q a prime
ideal in Rm⊗RRn. Then there is a unique prime p of R such that p ⊆ m∩ n
and q = p(Rm ⊗R Rn). By assumption, p /∈ H as it is a prime contained in
two maximal ideals. Therefore, J * p so JRp = Rp.
We will show that for every prime ideal q of Rm ⊗R Rn, the localisation
of R/J ⊗R Rm ⊗R Rn at q is zero. Fix a prime q of Rm ⊗R Rn and let
p = φ−1(q). Then Rp ∼= (Rm ⊗R Rn)q as R-modules. Moreover, as we know
that R/J ⊗R Rp = 0 by the argument in the first paragraph, we conclude
the first statement of the lemma.
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The statement now follows easily as every H-discrete module N is an
epimorphic image of modules of the form
⊕
αR/Jα with Jα ∈ H.
0 = (
⊕
α
R/Jα)⊗R Rm ⊗R Rn → N ⊗R Rm ⊗R Rn → 0

The following two propositions are the main results of this section, which
generalise [BP19b, Proposition 4.3 and Lemma 4.4]. For the latter, we
don’t include a proof as it follows analogously from the original proof using
Lemma 7.3, our version of [BP19b, Lemma 4.2].
Proposition 7.4. [BP19b, Proposition 4.3] Suppose H is a linear topology
over a commutative ring R. The following are equivalent.
(i) R is H-h-local.
(ii) N ∼=
⊕
m∈MaxR
Nm for every H-discrete module N .
(iii) N ∼=
⊕
m∈H
m∈MaxR
Nm for every H-discrete module N .
Moreover, the above conditions hold when R/J is a perfect ring for every
J ∈ H.
Proof. (i) ⇒ (ii). We begin by showing that statement (ii) holds for the
cyclic modules R/J with J ∈ H. By assumption, J is contained in finitely
many maximal ideals so in R/J → R/J ⊗R Rm, 1 + J is mapped to a non-
zero element of R/J ⊗R Rm for only finitely many maximal ideals. Thus
there is the following natural monomorphism.
ΨR/J : R/J


//
⊕
m∈MaxR
(R/J)m ⊆
∏
m∈MaxR
(R/J)m
r + J ✤ //
∑
m∈MaxR
(r + J)m
We will show that ΨR/J is surjective by showing that for every maximal ideal
n of R, the localisations
(
ΨR/J(R/J)
)
n
and
( ⊕
m∈MaxR
(R/J)m
)
n
coincide. To
begin, if n /∈ H is maximal, then for each J ∈ G, (R/J)n = 0 as there
exists an a ∈ J \ n, and it also follows that
(⊕
m∈MaxR(R/J)m
)
n
= 0. For
a maximal ideal n ∈ H, by Lemma 7.3, (R/J)m ⊗R Rn = 0 for m 6= n. So
clearly
(⊕
m∈MaxR(R/J)m
)
n
= (R/J)n = ΨR/J(R/J)n, where (R/J)n is a
submodule of
⊕
m∈MaxR(R/J)m so we are done.
For a H-discrete module N , consider a short exact sequence of the fol-
lowing form where Jα ∈ H and all the modules are H-discrete as the class
of H-discrete modules is closed under submodules and quotients (that is, it
is hereditary pretorsion).
0→ H →
⊕
α
R/Jα → N → 0 (26)
Consider the following commuting diagram formed by taking the direct sum
of all
⊕
m∈MaxR(Rm ⊗R −) applied to (26), and ψH , ψN the natural maps
sending each element to its image in the localisations, which can be seen
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to be well defined (that is, contained in the direct sum) considering the
isomorphism for each R/J .
0 // H //
ψH

⊕
αR/Jα
//
∼=

N //
ψN

0
0 //
⊕
m∈MaxR
Hm //
⊕
α
( ⊕
m∈MaxR
(R/Jα)m
)
//
⊕
m∈MaxR
Nm // 0
(27)
Thus ψN is surjective by the snake lemma applied to (27). Additionally, as
also H is H-discrete, the same argument says that ψH is surjective. Thus
ψN must be an isomorphism again by the snake lemma applied to (27).
(ii) ⇒ (iii). If J ∈ H and n is a maximal ideal of R not contained in
H then clearly J * n, hence (R/J)n = 0. Therefore, using that every H-
discrete module M is the image of cyclic H-discrete modules, Mn = 0 for
every maximal n /∈ H.
(iii) ⇒ (i). By assumption R/J ∼=
⊕
m∈MaxR∩H(R/J)m. The direct sum
must be finite as R/J is cyclic. Moreover, if (R/J)n = 0 for n maximal
then J * n. This shows that J is contained in only finitely many maximal
ideals. To see that every prime p of H must be contained only in one
maximal ideal, suppose p ⊆ m ∩ n where m 6= n are maximal and consider
R/p ∼=
⊕
m∈MaxR∩H(R/p)m. For every p ⊆ m, (R/p)m⊗R Rp
∼= Rp/pRp and
Rp/pRp cannot contain two direct sum copies of itself, since it is a field. 
Proposition 7.5. [BP19b, Lemma 4.4] Let R be a H-h-local ring. Let
{M(m)}m ∈ MaxR, {N(m)}m ∈ MaxR be two collections of modules such
that M(m), N(m) are Rm-modules for each maximal ideal m of R. Suppose
the modules {M(m)} are H-discrete. Then any morphism
⊕
mM(m) →⊕
mN(m) is a direct sum of Rm-module homomorphisms M(m)→ N(m).
8. When R is a G-almost perfect ring
In this section we assume that (A,DG) is a 1-tilting cotorsion pair with
associated Gabriel topology G and that R is G-almost perfect (that is RG is
a perfect ring and R/J is a perfect ring for every J ∈ G).
The purpose of this section is to show that under these assumptions A is
covering, that is a sort of converse to Theorem 6.5.
To prove the next lemma, we recall the following construction. Suppose
M is a finitely presented right R-module with projective presentation P1
ρ
→
P0 → M → 0 where P0, P1 are finitely generated projective modules. The
transpose of M , denoted Tr(M), is the cokernel of the map ρ∗ : P ∗0 → P
∗
1
where (−)∗ := HomR(−, R).
If G is a faithful Gabriel topology, then for every finitely generated ideal
J ∈ G, 0 → R → Rn → Tr(R/J) → 0 is a projective resolution of Tr(R/J)
where n is the number of generators of J .
Lemma 8.1. Let R be a commutative ring. Suppose (A,DG) is a 1-tilting
cotorsion pair, G the associated Gabriel topology and f.dimRG = 0. Then
G arises from a perfect localisation, or equivalently RG is G-divisible.
In particular, if RG is a perfect ring, then the statement holds.
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Proof. For each finitely generated J ∈ G, [Hrb16, Lemma 3.3] shows that
RG ⊗R R/J ∼= Ext
1
R(TrR/J,RG) and as p.dimTrR/J ≤ 1, Lemma 3.3(ii)
yields TorR1 (TrR/J,RG) = 0. Thus applying (RG ⊗R −) to a projective
resolution of TrR/J , we get the following.
0→ RG → R
n
G → RG ⊗R TrR/J → 0
By assumption f.dimRG = 0 so RG ⊗R TrR/J is RG-projective. Next
consider the following isomorphism which follows as TorRi (TrR/J,RG) = 0
for i > 0.
Ext1R(TrR/J,RG)
∼= Ext1RG (RG ⊗R TrR/J,RG) = 0
The last module vanishes as RG⊗RTrR/J is RG-projective, so R/J⊗RRG ∼=
Ext1R(TrR/J,RG) = 0 for each J ∈ G hence RG is G-divisible.
If RG is a perfect ring, then by Proposition 2.6, F.dimRG = 0, so the
statement applies. 
Remark 8.2. It was pointed out by Leonid Positselski (via private corre-
spondence) that if G is a perfect Gabriel topology on a ring R such that the
rings R/J are perfect for every J ∈ G, it follows that p.dimRG ≤ 1. His
proof is a generalisation of [BP19b, Theorem 6.13].
The above remark with Lemma 8.1 allows us to state the following.
Proposition 8.3. If (A,DG) is a 1-tilting cotorsion pair with associated
Gabriel topology G such that R is G-almost perfect, then G is a perfect local-
isation, p.dimRG ≤ 1 and RG ⊕RG/R is a corresponding 1-tilting module.
Thus with Proposition 8.3, we can consider the following setting:
Setting 8.4. We assume that (A,DG) is a 1-tilting cotorsion pair arising
from a flat injective ring epimorphism u : R → U such that p.dimU ≤ 1
and Gen(U) = DG as in the equivalent statements of Proposition 3.2, so
that U ⊕K (K := U/R) is the associated 1-tilting module.
Thus, if R is moreover G-almost perfect, to show that A is covering it
is sufficient to show that U ⊕K is Σ-pure-split, as then A is closed under
direct limits using Proposition 2.8. To show that U ⊕K is Σ-pure-split, the
problem naturally divides into two parts: showing that each of U and K are
Σ-pure-split.
8.1. If K is Σ-pure split then U ⊕K is Σ-pure split. Consider a pure
exact sequence:
0→ X → T → Y → 0 (28)
where T ∈ Add(U ⊕K).
Then X,Y ∈ DG as T ∈ DG and the tilting class is closed under pure
submodules, so the sequence vanishes when one applies (R/J ⊗R −).
Lemma 8.5. Let R be as in Setting 8.4 such that U is a perfect ring.
Applying the functor (−⊗RU) to sequence (28) we find a split exact sequence
of projective U -modules:
0→ X ⊗R U → T ⊗R U → Y ⊗R U → 0 (29)
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Proof. The sequence (29) is an exact sequence in Mod-U and it is also pure
since (28) is pure. Moreover, as T ∈ Add(U ⊕K), T ⊗R U ∈ Add(U) and
thus it is U -projective.
Thus Y ⊗R U is a flat U -module and therefore it is U -projective as U is
a perfect ring. So the sequence splits in Mod-U and hence in Mod-R. Also
note that this implies that X ⊗R U is flat in Mod-R. 
From now on t(M) will denote the torsion submodule of a moduleM with
respect to the G-torsion class EG .
Lemma 8.6. Let R be as in Setting 8.4 such that U is a perfect ring and
let X,T, Y be as in (28). Then
0→ t(X)→ t(T )→ t(Y )→ 0
is a pure exact sequence.
Proof. We claim diagram (30) has exact rows and exact columns. This is
because the bottom row is exact as (28) is pure exact, and by the snake
lemma and the fact that X ⊗RK = 0 as X is G-divisible, forces the top row
to be exact.
0

0

0

0 // t(X) //

t(T ) //

t(Y ) //

0
0 // X //

T //

Y //

0
0 // X ⊗R U //

T ⊗R U //

Y ⊗R U //

0
0 0 0
(30)
To show that the top row is pure exact it is enough to show that, for every
N ∈ Mod-R, the connection map δ : TorR1 (t(Y ), N) → t(X) ⊗R N is zero.
By Lemma 8.5 X ⊗R U is a flat U -module, hence also flat as an R-module,
thus TorR1 (X⊗RU,N) = 0. We want to show that δ = 0. Applying (−⊗RN)
to the diagram above we obtain:
TorR1 (X ⊗R U,N) = 0

TorR1 (t(Y ), N)

δ // t(X)⊗R N
ε

TorR1 (Y,N)
0 // X ⊗R N
So εδ = 0 and as ε is a monomorphism, δ = 0 as required. 
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Lemma 8.7. Let R be as in Setting 8.4 such that U is a perfect ring.
Suppose that K is Σ-pure split. Then U ⊕K is Σ-pure split, that is every
pure embedding as in (28) splits.
Proof. Consider a pure exact sequence as in (28). We show that in our
setting the sequence splits.
By our assumption the sequence 0 → t(X) → t(T ) → t(Y ) → 0 splits,
since by Lemma 8.6 it is pure exact and t(T ) ∈ AddK. So t(Y ) ∈ AddK.
Moreover, by Lemma 8.5, Y ⊗R U ∈ Add(U). Since K ∈ U
⊥ the sequence:
0→ t(Y )→ Y → Y ⊗R U → 0
splits. Thus the sequence (28) splits as X ∈ DG . 
Thus, our next aim is to show that in Setting 8.4 when R/J is perfect for
each J ∈ G, K is Σ-pure split. To this end, consider a pure exact sequence
0→ X → T → Y → 0 (31)
with T ∈ Add(K).
Facts 8.8. The terms in sequence (31) are G-torsion and G-divisible mod-
ules. Hence we can use the category equivalence of Theorem 5.13 between
the subcategories of G-torsion G-divisible modules and the G-torsion-free u-
contramodules via the adjoint functors
(
(− ⊗R K),HomR(K,−)
)
. We will
show that HomR(K,Y ) is a projective object in u-contra and moreover that
the sequence splits in the category of G-torsion-free u-contramodules. Thus
also the original sequence (31) splits in the category of G-torsion G-divisible
modules.
Moreover, we will use that for a G-torsion-free module N , (in particular
a free module R(β)), Lemma 5.4 gives an isomorphism µN : HomR(K,K ⊗R
N) ∼= ∆u(N) and these are u-contramodules by Lemma 5.5. Also we use
regularly Lemma 5.8, that is M/JM ∼= R/J ⊗R ∆u(M) for any R-module
M and every J ∈ G. Finally, we also recall that with the assumption
p.dimU ≤ 1, u-contra is an abelian category and the direct summands of
modules of the form ∆u(R
(β)) for some cardinal β are the projective objects
in u-contra as stated in Proposition 5.12.
Before reducing to the local case, we want to make some remarks and
results about the module HomR(K,Y ).
Remark 8.9. The aim of the next results will be to show that the G-
torsion-free u-contramodule HomR(K,Y ) with Y from the sequence (31) is a
projective object in u-contra, however most of the results can be generalised
to a G-torsion-free u-contramodule M such that M ⊗R K ∈ F1(R).
The module HomR(K,Y ) satisfies the assumptions onM as Y ∼= HomR(K,Y )⊗R
K by Theorem 5.13 since Y is G-divisible and G-torsion. Furthermore,
HomR(K,Y ) ⊗R K ∈ F1(R) as X,Y ∈ F1(R) since T ∈ F1(R) and the
sequence (31) is pure-exact.
Lemma 8.10. Let R be a ring as in Setting 8.4 such that R/J is a perfect
ring for each J ∈ G. Suppose M is a G-torsion-free u-contramodule such
that M ⊗RK ∈ F1(R) and L is a G-torsion module. Then Tor
R
1 (L,M) = 0.
32 S. BAZZONI AND G. LE GROS
Proof. Fix M and L as in the assumptions and consider the following exact
sequence.
0→M →M ⊗R U →M ⊗R K → 0
Apply (L⊗R −) to get the exact sequence
0 = TorR2 (L,M ⊗R K)→ Tor
R
1 (L,M)→ Tor
R
1 (L,M ⊗R U)
Thus as U is flat, we have that TorR1 (L,M ⊗R U)
∼= TorU1 (L⊗R U,M ⊗R U)
which is zero as L⊗R U = 0 since L is G-torsion. 
8.2. When R is local and R/J is a perfect ring for each J ∈ G. In
this subsection we will assume that R is a local ring with maximal ideal m.
In the rest of this section we will show that HomR(K,Y ) (or a G-torsion-
free u-contramodule M such that M ⊗R K ∈ F1(R), see Remark 8.9) is
a projective object in u-contra using the method of Positselski in [Pos19,
Lemma 8.2 and Theorem 8.3], although in a much simpler setting.
Remark 8.11. By assumption R is local, so R/J is a perfect local ring for
each J ∈ G. Therefore the maximal ideal of each R/J is T-nilpotent, so by
[AF74, Lemma 28.3] it follows that Mm ≪ M for every R/J-module M .
Moreover by Proposition 2.6 (iv), every R/J-module has a non-zero socle.
Lemma 8.12. Let R be a commutative local ring with a faithful finitely
generated perfect Gabriel topology G such that R/J is a perfect ring for each
J ∈ G. Then every non-zero R-module M is either in DG or Mm 6=M .
Proof. SupposeM is not in DG . Then there exists J ∈ G such thatM/MJ 6=
0. By Remark 8.11 we have the following strict inclusion.
(M/MJ)m = (Mm)/(MJ) (M/MJ
So it follows that Mm (M , as required. 
Proposition 8.13. Let R be a commutative local ring with a faithful finitely
generated perfect Gabriel topology G such that R/J is a perfect ring for each
J ∈ G. Let M be a u-contramodule. Then there is a cardinal β and an
epimorphism f that makes the following diagram commute.
∆u(R
(β))
f

p
// (R/m)(β)
∼=

// 0
0 // Mm // M //// M/Mm // 0
(32)
Proof. Consider the exact sequence 0→Mm→M →M/Mm→ 0.
AsM/Mm is anR/m-module, there exists a cardinal β such that (R/m)(β) ∼=
M/Mm. Let p : ∆u(R
(β)) → (R/m)(β) be the composition of the the natu-
ral projection map ∆u(R
(β))→ ∆u(R
(β))/∆u(R
(β))m with the isomorphism
∆u(R
(β))/∆u(R
(β))m ∼= (R/m)(β) guaranteed by Lemma 5.8.
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Consider the diagram
∆u(R
(β))
f

p
// (R/m)(β)
∼=

// 0
0 // Mm // M //
pM // M/Mm // 0
(33)
where f exists since all the modules in the above diagram are u-contramodules
and ∆u(R
(β)) is a projective object in u-contra. To see that f is an epi-
morphism, note that as ∆u(R
(β)) → M/Mm is an epimorphism, it follows
that Im f +Mm =M . By
(M/ Im f)m = (Mm + Im f)/ Im f =M/ Im f
and Lemma 8.12, it follows that M/ Im f is G-divisible. However, f is a
map of u-contramodules, so also Coker f = M/ Im f is a u-contramodule,
thusM/ Im f contains no non-zero G-divisible submodule. We conclude that
M/ Im f = 0, so f is an epimorphism as required. 
The following proposition uses the results from Section 5.
Proposition 8.14. Let R be a commutative local ring with a faithful finitely
generated perfect Gabriel topology G such that R/J is a perfect ring for
each J ∈ G. Then for every G-torsion-free u-contramodule M such that
M ⊗R K ∈ F1(R) the morphism f as in (33) is an isomorphism.
In particular, M is a projective object in u-contra.
Proof. Let β and f be as in Proposition 8.13.
For every J ∈ G, R/J is a perfect local ring, hence R/J is a semiartinian
module. Consider a Loewy series {Jσ/J}σ<τ of R/J , that is Jσ+1/Jσ ∼= R/m
for every σ < τ and R/J =
⋃
σ<τ Jσ/J .
By Lemma 5.9 and Lemma 8.10 we have TorR1 (R/m,∆u(R
(β))) = 0 =
TorR1 (R/m,M). From the diagram (33) where f is an epimorphism we see
that for every ordinal σ, we have the following commuting diagram.
0

0 // Jσ/J ⊗R ∆u(R
(β)) //
idJσ/J ⊗Rf

Jσ+1/J ⊗R ∆u(R
(β)) //
idJσ+1/J ⊗Rf

R/m⊗R ∆u(R
(β)) //
idR/m⊗Rf∼=

0
0 // Jσ/J ⊗R M //

Jσ+1/J ⊗R M //

R/m⊗R M //

0
0 0 0
We will first show that idR/J ⊗Rf is an isomorphism by transfinite induction
on σ. It is clear in the base case of σ = 1. If idJσ/J ⊗Rf is an isomorphism,
then by the five-lemma, as the two outer vertical morphisms of the above
diagram are isomorphisms, also idJσ+1/J ⊗Rf is an isomorphism.
Let ρ < τ be a limit ordinal. By induction, idJσ/J ⊗Rf is an isomorphism
for every σ < ρ. Hence, since the tensor product commutes with direct
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limits we get the isomorphism idJρ/J ⊗Rf . Now:( ⋃
σ<τ
Jσ/J
)
⊗R ∆u(R
(β)) =
⋃
σ<τ
(
Jσ/J ⊗R ∆u(R
(β))
)
∼=
⋃
σ<τ
(Jσ/J ⊗RM)
=
( ⋃
σ<τ
Jσ/J
)
⊗RM
As R/J =
⋃
α Jα/J we have shown that
idR/J ⊗Rf : R/J ⊗R ∆u(R
(β)) ∼=M/JM.
Now note that the above isomorphism implies that kernel of f : ∆u(R
(β))→
M is contained in every ∆u(R
(β))J , thus Ker f ⊆
⋂
J∈G ∆u(R
(β))J . How-
ever, as R(β) is G-torsion-free we have, by Lemma 5.4, ∆u(R
(β)) ∼= HomR(K,K
(β)),
which is already G-separated by Lemma 5.1, so
⋂
J∈G ∆u(R
(β))J vanishes.
We conclude that f is an isomorphism. 
Proposition 8.15. Let R be a commutative local ring with a faithful finitely
generated perfect Gabriel topology G such that R/J is a perfect ring for each
J ∈ G. Consider the pure exact sequence with T ∈ Add(K).
0→ X → T → Y → 0 (31)
Then the sequence splits. In other words, K is Σ-pure-split.
Proof. By Proposition 8.14 and Remark 8.9, we have thatM = HomR(K,Y )
is a projective object in u-contra, therefore the following sequence of u-
contramodules (which is HomR(K,−) applied to (31)) splits.
0→ HomR(K,X)→ HomR(K,T )→ HomR(K,Y )→ 0
Applying (− ⊗R K), we recover the original short exact sequence up to
isomorphism, which also splits. 
8.3. Final results. We have shown that for R a commutative local ring, if
R/J is perfect for every J ∈ G, a pure submodule of a module T ∈ Add(K)
splits. We will now extend this to the global case in this final subsection.
We recall that since R/J is perfect for each J ∈ G, by Lemma 7.2 the ring
R is G-h-nil hence, the equivalent statements of Proposition 7.4 hold. That
is, we use in particular that for every G-torsion moduleM ,M ∼=
⊕
m∈MaxR
Mm,
where m runs over all the maximal ideals of R.
Proposition 8.16. Let R be a commutative ring with a faithful finitely
generated perfect Gabriel topology G with perfect localisation u : R→ U such
that R/J is a perfect ring for each J ∈ G. Then K is Σ-pure-split where
K = U/u(R).
Proof. Take 0 → X → T
ρ
→ Y → 0 a pure exact sequence. By Proposi-
tion 7.4, T =
⊕
m(T )m and Y =
⊕
m(Y )m. Additionally by Proposition 7.5,
the morphism ρ is a direct sum of surjective maps (T )m → (Y )m and is also
a pure epimorphism. By Proposition 8.15, each (Y )m is in Add(K)m, thus
also Y ∈ Add(K). Thus ρ is a split epimorphism as X ∈ DG . 
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Theorem 8.17. Let R be a commutative ring and (A,DG) a 1-tilting cotor-
sion pair with associated Gabriel topology G such that R is G-almost perfect.
Then RG ⊕ RG/R is an associated 1-tilting module and RG ⊕ RG/R is Σ-
pure-split, so A is closed under direct limits.
Proof. By Lemma 8.1, RG is G-divisible, so G is a perfect Gabriel topology.
Next, if the R/J are perfect rings for J ∈ G and G is a perfect Gabriel
topology, it follows that p.dimRG ≤ 1 by Remark 8.2.
That RG ⊕ RG/R is Σ-pure-split is a combination of Lemma 8.7 and
Proposition 8.16. Finally by Proposition 2.8 we conclude that A is closed
under direct limits. 
The following definition has been introduced in [Pos19] (see also [BP19a]).
Definition 8.18. A linearly topological ring is pro-perfect if it is separated,
complete, and has a basis of neighbourhoods of zero formed by two-sided
ideals such that all of its discrete quotient rings are perfect.
Finally combining the above theorem with the results in Section 8 and
Section 6 we obtain the main result of this paper.
Theorem 8.19. Suppose (A,DG) is a 1-tilting cotorsion pair, G the asso-
ciated Gabriel topology and R the topological ring EndR(K). The following
are equivalent.
(i) A is closed under direct limits.
(ii) A is covering.
(iii) R is G-almost perfect.
(iv) RG is a perfect ring, and R is pro-perfect.
Moreover, if these equivalent conditions hold R→ RG is a perfect localisation
and p.dimRG ≤ 1.
Proof. (i) ⇒ (ii) is [Xu96, Theorem 2.2.8] and [GT12, Theorem 6.11].
(ii) ⇒ (iii) is Theorem 6.5.
(iii) ⇒ (i) is Theorem 8.17.
(iii) ⇔ (iv) In both statements, RG is perfect, so by Lemma 8.1, G is
a perfect localisation. Hence by Proposition 5.11, R is closed and sepa-
rated with respect to the G-topology. Also by Lemma 5.4 and Lemma 5.8,
R/RJ ∼= R/J , so the discrete quotient rings of R are perfect if and only if
the R/J are perfect for each J ∈ G.
The final statements follow by Theorem 8.17. 
The following is an application of Theorem 8.19 (along with [BLG19,
Theorem 8.7]) which allows us to characterise all the 1-tilting cotorsion pairs
over a commutative semihereditary domain (for example, for the category
of abelian groups) such that A is covering.
Example 8.20. Let R be a commutative semihereditary ring and (A,T ) a
1-tilting cotorsion pair in Mod-R with associated Gabriel topology G. Then
by [Hrb16, Theorem 5.2], G is a perfect Gabriel topology. Moreover, R/J is
a coherent ring for every finitely generated J ∈ G, so R/J is perfect if and
only if R/J is artinian, [Cha60, Theorem 3.3 and 3.4]. As R/J is artinian,
there are finitely many (finitely generated) maximal ideals and the Jacobson
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radical of R/J is a nilpotent ideal. Therefore in this case, G has a subbasis
of ideals of the form {mk | m ∈ MaxR ∩ G, k ∈ N} and moreover all the
maximal ideals of R contained in G are finitely generated.
Moreover, if R is a commutative semihereditary ring, the classical ring
of quotients Q(R) is Von Neumann regular. By [Ste75, Example XI.4.2],
the classical ring of quotients coincides with the maximal flat epimorphic
ring of quotients Qtot(R)(see [Ste75, Section XI.4]). Thus, for a 1-tilting
cotorsion pair (A,T ) as in the previous paragraph, R → RG is a perfect
localisation (and a monomorphism) so by [Ste75, Proposition XI.4.1] R →
Q(R) factors through a ring monomorphism RG → Q(R). It follows that
if RG is perfect then RG coincides with its classical ring of quotients, so
RG = Q(RG) = Q(R). Thus if A provides covers, the 1-tilting cotorsion pair
is (A, Q(R)/R⊥) and moreover Q(R) is a semisimple ring since it is Von
Neumann regular and perfect.
In particular, in the case of R = Z Theorem 8.7 in [BLG19] implies that
every 1-tilting class T is enveloping as Z is semihereditary and for any proper
ideal aZ of Z, Z/aZ is artinian.
On the other hand, the only 1-tilting cotorsion pair in Mod-Z that pro-
vides for covers is (A,Q⊥), that is the 1-tilting cotorsion pair associated to
the 1-tilting module Q⊕Q/Z.
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